The characterization of electronic, vibrational and rotational states using elastic (coherent) X-ray scattering is considered. The scattering is calculated directly from complete active 
I. INTRODUCTION
Ever since Bragg's original discovery in 1912, X-ray scattering has dramatically advanced our understanding of the structure of matter, ranging from atoms to proteins, crystals and solids. Despite the historical importance of gas-phase X-ray scattering [1] [2] [3] [4] [5] , electron scattering came to dominate experiments in the gas-phase on account of the greater scattering cross-sections of electrons 6 . Now, however, rapid development of synchrotron sources, detectors, and new X-ray Free-Electron Lasers (XFELs) [7] [8] [9] [10] [11] [12] has sparked renewed interest in gas-phase X-ray scattering [13] [14] [15] [16] [17] [18] [19] [20] [21] .
II. THEORY
According to Fermi's golden rule, the total X-ray scattering cross section is 41 ,
where (dσ/dΩ) Th = e 2 /m e c 2 K is the Thomson cross section of a free electron, with m e and e the mass and charge of an electron, c the velocity of light, and K the polarization factor. The ω n and ω 0 in Eq. (1) are the angular frequencies of scattered and incident X-rays, respectively, and φ n and φα are the final and initial states. The scattering operator is defined as,
where N el is the number of electrons in the molecule, r j the coordinates of each electron, and the momentum transfer vector, q = k 0 − k, is defined as the difference between the incident and the scattered wave vectors, with |k| = |k 0 | for elastic scattering. Formally, the sum runs over all charged particles, but since particle mass appears in the denominator, only the electrons are included in Eq. (2) with the (e 2 /m e ) factor incorporated into the Thomson cross section Eq. (1).
Using completeness and ignoring the pre-factor (ω n /ω 0 ), the total scattering given by Eq. (1) can be expressed in terms of the ground-state wavefunction and the relative position vectors of the electrons 42 , dS dΩ = dσ dΩ Th φα| N el i, j e ıq(r i −r j) |φα ,
which can further be expressed in terms of the electron-pair distribution function 43 .
The diagonal, n=α, term in the sum in Eq. (1) corresponds to the elastic (coherent) scattering that plays a key role in X-ray structural determination 44 . In the following, we will examine the elastic scattering cross-sections expressed without the pre-factors in Eq. (1), i.e. the structure factor,Ĩα
such thatĨ is directly proportional to the elastic component of the total cross-section (dS /dΩ).
The molecular stateα does not only depend on electronic coordinates, but also on the nuclear coordinates. Using the Born-Oppenheimer approximation and ignoring non-adiabatic couplings, the total wavefunction for stateα can be written as a direct product of rotational, vibrational and electronic wavefunctions,
where the electronic wavefunction, Ψ elec α (r; R, Ω), depends parametrically on the nuclear coordinates R and on the orientation of the molecular frame specified by the rotational angles Ω = (θ, φ, χ). The rotational wavefunction Ψ rot JK M (Ω) is characterized by the three rotational quantum numbers J, K, and M, and the vibrational wavefunction Ψ vib ν (R) by the vibrational quantum numbers ν. Since the scattering operator in Eq. (2) only acts on the electrons, we first evaluate the scattering in terms of the fixed-nuclei form factor,
where evaluation of the bracket is equivalent to a Fourier transform of the electron density for electronic state α, ρ α (r; R, Ω). The form factor f 0 α (q; R, Ω) can be calculated directly from the ab initio electronic wavefunction 28, 31, 45 . This can be done either via analytic Fourier transforms of the Gaussian primitives that constitute the ab initio electronic wavefunction, or via a numerical
Fourier transform (FFT) of the electron density represented on a grid 28 . It is common in X-ray crystallography to approximate the electron density by a sum of spherical isolated atom densities, which gives rise to the independent atom model (IAM) 28, 44 .
Finally, the (proportional) molecular elastic scattering in Eq. (4),Ĩα(q), can be written as a convolution of f 0 α (q; R, Ω) over the probability distributions given by the rotational and vibrational wavefunctions,Ĩα
For a diatomic, the rotational wavefunction is given by a spherical harmonic, Y JM (θ, φ), with dΩ = sin θdθdφ, and the vibrational wavefunction Ψ vib ν (R) is specified by the internuclear distance R and a single vibrational quantum number ν.
As an aside, it is worth pointing out that for elastic scattering the above treatment is equivalent to a Fourier transform of the total electron density, accounting for nuclear degrees of freedom. For elastic scattering the scattering operator can be written in terms of the density operator,
with the total electron densityρ e (r) given by the operator,ρ e (r) = N e j=1 δ(r − r i ). This formulation emphasizes that the elastic scattering occurs from the total electron density, giving an effective form factor f 0 α (q) that depends on the overall quantum state of the molecule. The advantage of this equivalent perspective is that it emphasizes that, for instance, the shape of the electron density of a diatomic molecule in the J = 0 rotational state is a spherical shell rather than a dumbbell.
III. COMPUTATIONAL
A. Electronic states and vibrational wavefunctions figure) . The reference PECs are taken from Wolniewicz 46, 47 . The probability distributions for vibrational states ν = 0, 1 are also included (arbitrary units).
We consider the ground X 1 Σ + g and first excited EF 1 Σ + g electronic states of H 2 . The potential energy curves (PECs) for these states are calculated using multi-configurational Complete Active Space Self-Consistent Field theory at the CAS(2, 7)-SCF/aug-cc-pVQZ level using D 2h symmetry.
The PECs are shown in Fig. 1 together with reference curves by Wolniewicz et al. 46, 47 . A detailed comparison of the present calculations and the reference data at the stationary points is made in Table I . Overall, the present ab-initio calculations reproduce the reference curves well. The (2, 7) active space, with seven molecular orbitals (MOs) shown in Fig. 2 , is necessary for a correct description at longer bond lengths, in particular to correctly predict the outer EF minimum, which requires additional bonding molecular orbitals such as 3A g , B 2u and B 3u , and for the ground-state at
FIG 46, 47 . The absolute energy difference between the two results is included in the third column. The comparison is done at the stationary points of the CAS(2, 7) potentials (see Fig. 1 ), at the ground state minimum, R 0 = 1.40493984 a 0 , and at the inner and outer EF state minima, R E = 1.90495263 a 0 and R F = 4.37475793 a 0 . The maximum difference in stationary point position between the CAS(2, 7)-SCF/aug-cc-pVQZ and the Wolniewicz calculations is R = 0.016 a 0 .
larger internuclear distances where for instance the B 1u σ * MO contributes. The failure of a smaller (2, 2) active space at large R is demonstrated by the CAS(2, 2)-SCF PECs shown in Fig. 1 . In the following, the Wolniewicz reference curves are used to calculate the vibrational wavefunctions, while the CAS-SCF ab-initio wavefunctions are used to calculate the electron density and the elastic X-ray scattering.
The vibrational wavefunctions are integrated using a 5th order Runge-Kutte algorithm, with the orthonormality of the vibrational wavefunctions ensured via a Cholesky factorisation 48 . The calculation is done using the Wolniewicz reference PECs 46, 47 and masses from the latest CODATA 49 .
The vibrational probability distributions for the ν = 0, 1 states on the X and EF potentials are shown in Fig. 1 . The EF potential wells are less steep than the X state, leading to wider vibrational wavefunctions. The outer EF minimum supports two localized vibrational wavefunctions with ν = 0, 1, with more excited vibrational wavefunctions spanning both EF minima 50 . The elastic X-ray scattering is calculated directly from the electronic wavefunctions using the ab-initio X-ray diffraction (AIXRD) method presented in an earlier article 28 . This approach relies on analytical Fourier transforms of the Gaussian primitives that constitute the basis sets. Here, we examine the convergence of the elastic X-ray scattering signal as a function of the basis set and method for the H 2 molecule. The comparison is made in terms of the rotationally-averaged scattering, which produces radial curves that only depend on the momentum transfer q.
B. AIXRD calculations
Fig . 3 shows the convergence of the X-ray elastic scattering for each method in terms of the absolute percent difference, |%∆Ĩ(q)|, with the percent difference defined as,
where the reference scattering,Ĩ 0 , is calculated using the CAS(2, 7)-SCF/aug-cc-pVQZ method. Fig. 3 , with the scattering from CAS(2, 7)-SCF/aug-cc-pVQZ taken as reference (see Eq. (9)). The gap |E − E ref | between calculated energies and Wolniewicz reference value 46 is used as a proxy for ab-initio convergence. The speed of the scattering calculations scales linearly with the number of non-zero unique Gaussian products per molecular orbital, N gp , with the number of Gaussian primitives given by N g . The IAM calculation uses tabulated atomic form factors 51 .
All the listed ab-initio calculations are done at the CAS(2, 7)-SCF level, except for the STO-3G and 6-31G where CAS(2, 2)-SCF is used. The calculations are done for the X 1 Σ + g ground state at bond length R 0 = 1.40493984 a 0 , corresponding to the CAS(2, 7)-SCF/aug-cc-pVQZ X 1 Σ + g stationary point. In Table II the mean and the maximum absolute errors are given for each method.
The mean absolute error is defined as,
with integration over the interval [q min ,
0 . The method closest to the referencẽ I 0 result is the calculation that uses the aug-cc-pVTZ basis, with a mean %∆Ĩ(q) = 1.7%. The
6-311++G
* * calculation is a close second with %∆Ĩ(q) = 1.8%. The poorest performing calculations are STO-3G, and somewhat surprising, the aug-cc-pVDZ. The comparative failure of STO-3G, 6-31G, and aug-cc-pVDZ at high q is likely to be due to a poor description of electron correlation and thus short-range features in the electron density. in the present set of calculations). In terms of a practical trade-off between accuracy and speed, AIXRD using the aug-cc-pVTZ basis performs almost as well as the quadruple-zeta basis set with mean |%∆I(q)|=1.7 while being a factor three faster. The
* * basis provides an even better balance of speed and performance, with a factor 18 speed-up while maintaining a very low mean and maximum error, which might be of particular benefit for calculations in larger molecules. The IAM method is also included in the comparisons presented in Fig. 3 and Table II . IAM is based on tabulated atomic form factors 51 , and thus performs extremely well in terms of speed (> 800 speed-up), but rather poorly in terms of accuracy with a mean |%∆I(q)| = 44.1% deviation from the reference. All examined AIXRD methods are significantly more accurate than the IAM, especially in the important q < 6 a −1 0 range (q < 12 Å −1 ), as can be seen in Fig. 3 . This is due to a better overall description of the electron density compared to the IAM, which does not allow for any distortion of the electron density due to chemical bonding. The difference in electron density between ab-initio electronic structure calculations and IAM can be seen clearly in Fig. 4 , which shows electron density isosurfaces for the H 2 ground-state. It is worth noting that the tabulated IAM form factors are taken from Hartree-Fock level ab-initio calculations 51 .
IV. RESULTS
A. Scattering from specific electronic states We now consider the effect of different electronic states on the scattering. Figure 5 shows rotationally averaged elastic scattering curves for the X and EF electronic states of H 2 at three different bond lengths: the ground-state equilibrium bond length, R 0 , and the EF inner and outer minima, R E and R F . The quality of the calculations is confirmed by comparison to previous scat-tering curves calculated by Bentley and Stewart 31 which utilised a Davidson-Jones expansion of the essentially exact wavefunction for the H 2 ground-state at equilibrium geometry.
Each X-ray scattering curve is distinct, showing that not only changes in bond length alter the scattering but also changes in electronic structure. Vertical excitation from the ground X state to the EF state leads to a more diffuse electron density, with a corresponding drop in scattering intensity, in particular at small q (q ∈ [0, 1] a −1 0 ) since small q's are sensitive to the overall size of the electron density, commensurate with the general principles of Fourier transforms. A second peak appears in the EF scattering at approximately q = 1.5 a −1 0 , corresponding to a distance of approximately 4.2 a 0 in real space using the reciprocal relation q = 2π/d. Examination of the radially integrated electron density for the X and EF 1 Σ + g electronic states for internuclear distance R = R 0 , reveals that the electron density of the X ground-state decays smoothly, leading to an almost Gaussian scattering curve, while the EF electron density is concentrated in two shells, their centra separated roughly by 4 a 0 , shown in Fig. 6 . The main driver of this shift in electron density is a change of occupancy in the A g orbitals. In the ground state, the first A g MO (Fig. 2b) is highly occupied (occ=1.9634). After excitation, the second A g MO (Fig. 2c) gains occupancy (occ=0.8183).
Changes in bond length also affect the scattering strongly, as can be seen by comparing the scattering curves for the EF state at bond lengths R 0 and R E in Fig. 5 , which are similar in shape but shifted in q. It is hard to separate the effect of the bond length from the effect of the electronic structure on the scattering, especially for a molecule like H 2 with no core electrons to balance the signal from the valence electrons. The difference between the scattering curves for X(R 0 →R F ) and EF(R E →R F ) is due to a combination of changes in bond length and the composition of the electronic wavefunction. For instance, at the inner EF minimum, R E , the first two A g orbitals are occupied (occ=1.1730 and occ=0.8175, respectively). These orbitals are almost Gaussianlike and encompass both nuclei evenly. At the outer minimum, R F , the B 1u orbital which has a two-center character, becomes the most occupied (occ=1.0251 from occ=0.0075 at R E ). At the same time the second A g orbital decreases in occupancy to occ=0.1094 and also acquires twocenter character, while the first A g orbital retains its smooth shape and a relatively large occupancy (occ=0.8324). There are other changes in occupancy, including that the more diffuse orbitals such as B 2u and B 3u gain about 1% of total occupancy. This means that going from R E to R F the electronic structure undergoes quite significant changes, making it difficult to decouple the effects of electronic structure and bond length. (Fig. 1) .
The difference between vibrational states becomes more apparent if the scattering signal is not rotationally averaged. Scattering from specific electronic, vibrational and rotational states ceases to be rotationally symmetric, such as the concentric rings in Fig. 11 , and instead becomes a function of the scattering angles θ and φ, such as the images in Fig. 8 . The radial scattering angle θ ∈ [0, π] relates to the amplitude of the momentum transfer vector as |q| = 2|k 0 | sin (θ/2). We focus on the selectively excited states reported in Ref. 23 , which are 1 Σ + g X(ν = 1, J = 2, M = 0, 2). In the experiments, these states retained polarisation for >100 ns, which is sufficiently long for a hypothetical X-ray scattering experiment. Elastic scattering difference images for the (ν=0,J=1,M=0,1), the (ν=0,J=2,M=0,2), and the (ν=1,J=2,M=0,2) are shown in Fig. 8, with the (ν=0,J=0, M=0 ) electronic ground-state used as reference. The images are calculated such that the incoming X-rays align with the laboratory frame y-axis, with the rotational states defined relative the laboratory z-axis. The electronic orbitals were The distance from the origin corresponds to the value of |Y JM (θ, φ)| 2 in each direction -the colour and lighting are for aesthetic purposes only. The angle θ is defined relative the z-axis, which coincides with a C ∞ principal rotation axis, and the origin is a point of inversion.
inspected for consistency with the symmetry-restricted D 2h calculations used elsewhere in this article. The signal strengths shown in Fig. 8 correspond to percent differences relative the 000 ground state of between −45% and 50%, i.e. quite significant changes. The detector images are particularly apt at picking out changes in the rotational states, but also the vibrational states leave stronger signatures than in the rotationally averaged curves considered previously, as evident when comparing Fig. 8c and 8d , or 8e and 8f. The detector images for the M = 0 states are quite similar, irrespective of quantum number J (the ν quantum number makes a bigger difference), as can be seen by comparing Fig. 8a and 8c . The same holds true for |M| = J states, as can be seen by comparing Fig. 8b and 8d . This can be directly attributed to the overall shapes of the rotational wavefunctions, which are shown in Fig. 9 . The M = 0 states have a dumbbell shape, while |M| = J states are disc-shaped. Increasing J leads to a flatter disc, the effect of which is shown in Fig. 10 which compares the scattering patterns for (ν=5,J=1,M=1) and (ν=5,J=0,M=9). The higher angular momentum of the J = 9 state leads to a thinner disc, albeit this is limited by the intrinsic radius of the H-atoms. The choice of a high vibrational quantum number, ν = 5 in this case, emphasizes the effect by increasing the radius of the disc.
Finally, it is worth noticing the importance of the direction of the incoming X-ray. As evident from Fig. 9 , the square-amplitude of all spherical harmonics is symmetric around the z-axis. Figure   11 shows the scattering images that correspond to the images in Fig. 8a-8b when instead of being orthogonal to the z-axis, the incoming X-ray is parallel. The symmetry, or lack thereof, with respect of the X-ray is reflected in the scattering pattern.
C. Comparison to experiment
In a recent experiment, Liu et al. measured double differential cross-sections for H 2 13 , providing an opportunity to compare the present calculations to experimental data obtained at the Taiwan 
FIG. 12:
Comparison to recent gas-phase H 2 X-ray scattering experiment. Elastic scattering data was obtained at the Taiwan Beamline BL12XU of SPring-8 with an incident photon energy of about 9889 eV and an energy resolution of about 70 meV 13 . The theoretical scattering curves are calculated using AIXRD as described in the present article, with wavefunctions calculated at the CAS(2, 7)-SCF/aug-cc-pVTZ level, both with the internuclear distance fixed at the equilibrium bond length, R 0 , and for the ν = 0 and ν = 1 vibrational states.
Beamline BL12XU at SPring-8. Importantly, the experiment used an energy-resolved spectrometer with a resolution of about 70 meV to isolate the elastic signal, instead of recording the total signal which otherwise contains contributions from inelastic and even ionization channels.
The experimental results, together with theoretical AIXRD curves calculated at the equilibrium bond length R 0 , as well as for H 2 vibrational states ν = 0 and ν = 1, are shown in Fig. 12 .
The curves shown have been rotationally averaged, as appropriate for a thermal 8.94 atm gas at equilibrium conditions. The R 0 and ν = 0 curves are quite similar, as discussed previously, and it would require high resolution and very small errorbars on the experiment to distinguish them. The agreement between the calculated ν = 0 curve and the experimental data validates our method for predicting molecular form factors based on ab-initio electronic structure calculations.
The scattering curve for the ν = 1 vibrational state of H 2 is also included in the figure, but has extremely low population at room-temperature thermal conditions. The ratio of the ν = 0 and ν = 1 populations at T = 298 K is N 0 /N 1 = e −(E 0 −E 1 )/kT ≈ 1.6 × 10 9 according to the Boltzmann distribution, using E ν = hcν(ν + However, it is apparent that for a non-negligible population of v > 0, it would become necessary to consider the excited vibrational state in the X-ray scattering, at least for high q.
V. DISCUSSION AND SUMMARY
The results in this article demonstrate that electronic structure leaves a strong signature in the elastic scattering signal, in particular for molecules with a large proportion of valence electrons as compared to core electrons. This is in agreement with previous work 28 , with scattering from Rydberg states 27, 53, 54 constituting an extreme example. It is therefore important to account for electronic structure, and hence electron density, beyond the independent atom model (IAM) when considering electronically excited states, or even vibrationally excited states that protrude beyond any small region of the potential energy surface.
In the crystallography community, the shortcomings of IAM have been known for a long time.
One of the first efforts to go beyond IAM was due to Stewart et al. 55 , who used the hydrogen molecule to extract bound-hydrogen-atom form factors more suited for the refinement of highresolution X-ray diffraction data obtained from organic molecular crystals. Stewart et al. then introduced generalized atomic form factors determined from a finite multipole expansion of the charge density about each nucleus 56, 57 , with the Fourier-Bessel coefficients of the pseudoatom radial density functions determined by a least-squares fit to the molecular form factor.
Although quite convenient, such pseudoatom approaches might be surpassed by the direct AIXRD approach 28 . Certainly, for excited electronic states that cannot be reduced to a small number of standard form factors, the AIXRD approach is by far the most effective and flexible.
In this article, we have investigated the convergence properties of AIXRD and find that it scales linearly with the number of non-zero products of Gaussian primitives, N gp , and that importantly, the quality of the wavefunction and thus the scattering correlates with the energy convergence, making it easy to assess the quality of the ab-initio scattering.
For vibrational states, we find that the signatures of specific states are strongest at large values of the momentum transfer q. Also, one must note that it is in general not possible to separate changes in scattering due to the bond length from changes due to the electronic structure. An interesting observation in our calculations is that if rotational states can be prepared selectively, this dramatically increases the information on the detector, not only in terms of identifying rotational states but also vibrational states. Recent state-selective experiments that achieve a high population transfer indicate that state-selective scattering might one day become experimental reality, especially if combined with the large photon-flux of XFEL sources.
The 'spectroscopic' techniques for state-selection are complemented by advances in molecular alignment by highly focussed laser fields 58 , which can be used to measure scattering form factors in the molecular frame. However, in contrast to the spectroscopic techniques, the strong-field methods excite rotational wavepackets or groups of states rather than single quantum states. Such dynamic control can be quite powerful [59] [60] [61] [62] , but may require further attention to the theoretical description of the scattering [63] [64] [65] .
High-precision measurement of the differential cross section of X-ray elastic scattering from H 2 13 provides a welcome opportunity to examine molecular form factors and an interesting route for the study of the electronic structure of atoms and molecules. The excellent agreement between the experimental measurements and the calculations presented in this article hold promise that this approach could be extended to a wider range of molecules 28 . In the future, the prospect of identifying electronic states in conjunction with time-dependent ultrafast X-ray scattering could enable complete characterization of reaction paths using X-ray scattering. Recent time-resolved experiments [18] [19] [20] 66 combined with theory 28, 65, 67 constitute an important first step towards this goal.
